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Abstract : In this paper, the study of evolution equations with 
two independent variables which are related to pseudospherical 
surfaces in R 3 , is extended to evolution equations with more 
than two independent variables. Equations of the type 



u xt = ij}(u,u xl 



d k u 



d k u 



' d x k ' " y> "' ' dy k 
are studied and characterized. Some features and results on 
properties of these equations are given via this study. 

Keywords-Evolutionequations,Pseudospherical 
surfaces,Riemannian manifold andSolitons. 

I. Introduction 

The studyof non-linear evolution equations has been closely 
related to the study of soliton phenomena. In particular, many 
non-linear evolution equations of one spatial variable plus the 
time variable, which admit. soliton solutions, have been 
extensively studied in the last two decades or so [v,ii]. Many 
interesting Features of solitons, accordingly to evolution 
equations which admit, these soliton solutions, have been 
disclosed, [xi-vi,x,ii].On the contrary, for the higher dimensional 
case, the studies of solitons arc less developed and remain one of 
the interesting, and challenging, present and future research 
subjects, [vi,i]. This is also, the case for non-linear evolution 
equations with two or more spatial variables plus the time 
variable, [iv,xiii,xiv]. However, one of main geometrical 
techniques, motivated in part, by Sasaki [x],EI- 
Sabbagh[vi],Chern and Tenenblat[xii],is the notion of a 
differential equation which describes a pseudo spherical 
surface(P.S.S).With this concept,a systematic procedure has 
begun to obtain linear systems associated to the non-linear 
differential equations as well. These linear systems are essential 
in order to apply the inverse scattering method to obtain 
solutions of the non-linear differential equation, [viii,ix]. 

In this paper, we shall extend the notion of P.S.P to higher 
dimensions i.e. 3-dim plane of constant sectional curvature- 1 
imbedded in R 5 . Conditions for equations of the type 



= \\l(U,U x ,U^, ,—r ,U y ,U 



-) 



'3x k ' y ' yy dy k '- 
To describe a two-parameter 3-dim P.S.P, will .be given in 
section III. While, in section II, we give basic notations and 
definitions as well as necessary preliminaries. 

II. Basic notations and Preliminaries 

Let M be an n-dimensional Riemannian manifold with 
constant curvature, isometric cally immersed in M 2n_1 with 
constant curvature K,withK<K. Let e 1( e 2 , . . . , e 2n _ibe a moving 
orthonormal frame on an open set of M,so that at points 



ofM,e 1( e 2 , . . . , e n are tangents to M.Let co A be the dual 
orthonormal coframe and consider a> AB defined by 



ro AB e B 



The structure equations of Mare 

dco A = ^ co B A co BA , co AB + co BA = 0 



(2.1) 



dco 



AB 



^ co AC A co CB — Kco A A co B withl < A, B, C 

c 

< 2n - 1 (2.2) 
Restricting these forms to M we have co a = 0 ,so (2.1) gives 
withn+1 < a,p,y< 2n - 1 and 1 < I,J,L < n, 

dco a = ^ CO] A co la 



= 0 

dro 1 = y coj A Co,, 



from (2.2) we obtain, Gauss equation 

dcO[| = co 1L A co L | + ^ co la A co a | — KcO] A coj 

L a 

and Codazzi equation 
dcoi a = ^ co 1A A co Aa 

A 

Mhas constant sectional curvature K if and only if 

Cly = dlB!] — ^ COil A C0 L| = — K Cfl! A COj 



^ C0 la A C0 a| = (K — K) CO! A CO] 



(2.3) 
(2.4) 

(2.5) 

(2.6) 

(2.7) 
(2.8) 



Also, equation (2.2) implies that 



co ay A co y p + O a 



Withn 



C0 al A CO 



IP 



Y I 

The forms Q a p give the normal curvature of M and I = 
Xi(cO[) 2 is its first fundamental form. 

For our purpose in this paper, we write these equations when 
M is taken to be R 5 and M is a 3-dimensional submanifold with 
constant sectional curvature K = — l(i.e. pseudo spherical 3- 
plane in R 5 ). 

The equations take the forms 
dco! = co 4 A co 2 + co 5 A co 3 
dco 2 = — co 4 A coj + co 6 A co 3 
dco 3 = — co 5 A ©! — co 6 A co 2 
dco 4 = CO! A co 2 

dc0 5 = (£>i A CO3 

dco 6 = co 2 A co 3 
where we have written 



(2.9) 
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co 4 = co 12CO5 = coi 3j and 
C06 = co 2 3 with cOji = 



-COj, 



1,2,3 , 



0 



We shall recall here the definition of a differential equation 
to describe a pseudospherical surface, introduced in [xii] and 
modify it in order to suit our purposes here. 

Definition LA differential equation E-for a real function 
u(x,y, t) describes a 3-dimensional pseudospherical plane in 
R 5 (simply p.s.p.) if it is the necessary and sufficient condition 
for the existence of differentiable functions f a[ , 1 < a < 
6andl < i < 3, depending on u and its derivatives, such that the 
1 -forms 

a> a = f al dx + f a2 dy + f a3 dt(2.W) 
satisfy the structure equations of a 3 -plane of constant sectional 
curvature — 1 in R 5 i.e. equations (2.9). 

Definition 2. We shall define such 3-dimensional P.S.P to be 
a two-parameters 3-dimensional P.S.P f 31 = f 41 = C, and f 22 = 
f 4 2= with C, and t, constant parameters. In Fact, one can see 
that when u(x,y, t) is a generic solution of E, it provides a metric 
defined on an open subset of R , whose sectional curvature is -1 



and the lengths of the vector fields — and — satisfy 



I 0 I 



III. Equations of type u xt = v|/(u, u x , ... 
To study equation (1.1). we first write 



fly 



a k u 

"dx* 



I 3 I 

Iflxl 



z 0 = u, z l = u x , z 2 = u x 



,z k = 



fl K U 

a x k 



and 



Z r = Uy,Z 2 ' 

becomes 
z i,t 

= ^p(z 0 ,z 1 ,... 

We shall 
assumptions 



= u 



yy, 



a y k 



a k 'u^ 

"dy 5 ^ 



equation(l.l) 



,z k ,z v , .. 
consider 



equation 



(3.1) with the 



(3.1) 
following 



H,t 



-i',t 



0 

*t\* = z i,y = 0 \ (3.2) 

z 0x = 0 for 2 <i<k , 1 <i' <k' 

where the comma denotes partial differentiation with 
respect to the shown variable. Now consider the following ideal 
/ of forms on the space of variables 

x,y, t, Zq, Zi, ,Z k ,Z v ,Z 2 ', ,Z k '\ 

n t — dz t A dt — z i+1 dx Adt, 0 < i < k — 1 ^ 



(3.3) 



/2 ; ' = dz( Adt — z t ' +1 dy Adt, 0 < i < k — 
I2 k = dz k Adx Adt + dz k ' Ady Adt 
12 — dz t A dx A dy — ipdx Ady Adt 

Note that assumptions (3.2) mean that u has no (ry) terms. 
Now, if we apply Cartan-Kahler theory, [xii] for equation (3.1) 
and using the notation above we can obtain the following result 
which relates solutions of the differential equation (1.1) with 
integral manifolds of the ideal / formed by the forms in (3.3). 
Proposition 3.1 

The ideal I is a closed differential ideal. Moreover, if 
u(x,y,t) is a solution of equation (1.1), then with the given 
notations, the map 
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(p(x,y,t) —( x,y,t,z Q {x,y,t),z l {x,y,t), 

z k {x,y,t),z r {x,y,t), ...,z k ,(x,y,t)) (3.4) 
defines an integral manifold of / Conversely, any 3-dimensional 
integral manifold of / given by 
<p(a, b, c) 

= (x(a, b, c), y(a, b, c), t(a, b, c), z 0 (a, b, c), ... , z k -{a, b, c)) 
withdx , dy and dt are linearly independent, determines a. local 
solution of equation (3.1). 
Proof: 

It is easy to show that / is a closed differential ideal, where 

dn t = n i+1 Adx ei, dn v = n v+1 Ady e i 

dI2 k =0 £l, dfl — —dip Adx Ady Adt and also 

dfl — —xp Zo dz 0 Adx Ady Adt — \p Zl dz l Adx Ady A dt— 

— xp Zk dz k Adx Ady Adt — x/j z dz r A dx 

Ady Adt — — ip Zk ,dz k ' Adx Ady 

A dt 

From equation (3.3) we have 

dfl — —ip ZQ dx Ady A fl 0 — ip Zl dx Ady Att^ — — 

ip Zk dy A f2 k — ipz r dx Ady A fl r — — ip Zk ,d A fl k £ 

hhendfl £ / 

Also, suppose u(x,y,t) is a solution of (1.1) we need to 
show that for <p defined by (3.4), we have <p*I — 0, where 0*is 
the pullback map of 0. From the definition of </>one can easily 
see that 

cf)*ft k = 0 , cb*n = 0 

4>*fli = 0 , cj>*n r = 0 thenc^I = 0 
Conversely, sectioning these forms in 7,onecan show that the 
map 

0: (a, b, c) 

-» (x(a, b, c),y(a, b, c), t(a, b, c),z 0 (a, b, c), ■■■ , z K (a, b, c)) 
is a solution of equation (3.1). i.e. if this map § is an integral 
manifold of / such that dx Ady A dte 0, then we locally have 
(a,b,c) = g(x,y,t). 

Taking cb as cb = §og we get0*/2 ; =g*§*fl l — 0 
,<p*n c =g*iffl v = 0 

Similarly <p*fl k — 0 and<p*fl = 0 so we can write 
dzj Adt — z i+1 dx A dt 



0, 

dZ;' Adt — z t ' +1 dy Adt — Q 
and(— z lt + ip(x,y,t,z 0 ,z 1 ,--- 
dt = 0 

So, with z 0 — u, z 1 — u x ,--- 



0 < i <k-l 

1 < 1 < k' - 1 
,z k ,z v , ■•■ ,z k '))dx Ady A 



_ d"u 



,Z k ' = 



dy" 

the function u(x ,y, t) is a solution of equation (1.1). 

Now to characterize equation (1.1), we first give the following 

result: 

LEMMA 3.1 



Let z x t — xp(z 0 ,z 1 , 



■,z fc '),be a differential 



■ ,z k ,z v , 

equation which describe an (cj, f) 3 -dimensional P.S.P with the 
associated 1 -forms e> a = f a \dx + f a2 dy + f a3 dt,a — 1,2, ... ,6 
where f ai and ip are real differentiable (C") functions defined on 
an open connected subset U c R k+k ' +1 with no explicit 
dependence on x,y and t.Then 
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Al,Zj — /l2,Zi — Al,z; — fl2,zi — Al,z; 

= fsi,zi = feUi = hi,zi = 0 Vi ^ 1 

Al,z,' = /l3,z,' = Al,z,' — fn,z,' — /33,z,' = A3,z, 



— fs\,z k , 
/33,z, ' , = /43,z, 



f53,z k > = Al,zi.* — fe?,,z k ' — 0 



= 0 



fl2,z k fl3,z k fl2,z k fl3,z k f33,z k f^3,z k 

fs2,z k fs3,z k fb2,z k f&$,z k 0 
hz,z k _ 1 = hi,z k _ 1 — 0 

Al,zi + /ll.Z! + /2 2 1,Z! + /22,Z! + fil.z-1 



+A2.Z! + AvL.Z! + /62.Z! ^ 0 



fc -1 



fc-1 



~ ^ z i'+l/51,z/ + ^ z t+l/52,Zj 



fc-1 



i=0 

= f/ll - C/l2 
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(3.18) 



^"VAlz! + ^ z ;+l/53,Zi 



(3.5) 



In U, and 

fc'-i 



fc'-i fc-i 

' ^ z i'+l/ll,z i ' + ^ z i+l/l2,z; 
i =0 i=0 



fc-1 



: C/22 - f Al + Hsi + C/52 



(3.6) 



— V/n.z! + ^ z ;+i/i3,Zj 



i=0 



fc'-l 



C/23-/43/21+/51/33-C/53 (3-7) 



^f\2,z 1 + ^ z i'+l/l3,z i 
i=0 

= f/23 
fc -1 fc-1 

^ z i'+l/21,z/ + ^ z t+l/22,z ; 



— f/23 ~~ A3/22 + /52/33 — f /s3 
fc-1 



i'=0 i=0 

= - C/12 + f/ei 

-C/62 

fc-1 



(3.8) 



(3.9) 



V/21.Z! + ^ z i+l/23,Zi — /ll/43 ~~ C/l3 + /6l/33 
i=0 
-C/63 

fc -1 

V/22.Z! + ^ z i' +l/23,z/ = A2/43 — C/l3 + A2A 



i =0 



63 



Al/52 ~fl2fsi — /22/6I - /2l/62 



(3.10) 



(3.11) 
(3.12) 



fc-2 



z ;+i/33,z ; — A1/53 — A3/51 + A1A3 



1=0 

~ /23/61 

fc'-2 



^ z i'+lA3,z/ — A2A3 ~~ A3A2 + A2A3 



i =0 
~~ A3A2 

A1A2 ~ A2A1 

= 0 

fc-2 

^ z i+lA3,Zi 
i=0 

= Al/23 ~~ A3/21 
fc'-2 

^ z i'+lA3^.' 
i =0 

= A2A3 ~~ A3A2 



(3.14) 
(3.15) 

(3.16) 
(3.17) 



— A1/33 — (A: 



fc -1 



- V/52,z 1 + ^ z i'+lA3,z/ 



i =0 



fc -1 



— A2A3 — f A3 
fc-1 



" ^ z i'+lAl,z/ + ^ z t+l/62,Zj 
i =0 i=0 

= A1A2 — A2A1 

fc-1 

"VAl.Z! + ^ z ;+l/63,Zi 
i=0 

= Al/33 — C/23 

fc'-l 

"V/62.Z! + ^ z i'+l/63,z i ' 



i =0 



(3.19) 



(3.20) 



(3.21) 



(3.22) 



(3.23) 



— A2/33 — f A3 
with the assumptions (3.2). 
Proof: 

In the space of variables (x,y, t, z 0 ,Zi, ,z k , z v , , z^) 

we consider the ideal / generated by D. lt D.(,D. k , and D. defined 
by equations (3.3) with rp given by equation(3.1) It follows from 
proposition (3.1) that/2; = Sl^ = Sl k = SI = 0,when restricted to 
each integral manifold of E. 

Hence, for z 0 ,z 1 , .... , z k ,z r , ,z k - satisfying (3.1), we 

have 

dz i l\dt — z i+1 dxAdt, i = 0,1, ,k — l } 

dz c Adt = z v+1 dyAdt, V = 0,1, ,k' - l| (3.24) 

dzj A dx A dy — y/dx Ady Adt — 0 ) 
At the beginning by using assumptions (3.2) and (3.5) we have 
The 1 -forms ^satisfy the structure equations (2.9) therefore, 
fc fc' fc 

^ Ai,Zi dz i A dx + V h\,z ( dz i' A dx + ^ fu.zidzi A dy 



i=0 



i =0 



i=0 



(3.13) + ^ f 12Zi , dz e Ady + / 13jZ .dz ; A dt + ^ / 13z ., dz r 



A dt 



+ (C/23 - A3/21 + A1A3 - U^)dx A dt 
+ ~ A3/22 + A2A3 - Us^dy A dt(*) 
From the above equation(*)we can obtain equation(3.6),(3.7) and 
(3.8) by simple calculations and by using equations (3.24) 
In similarway by using assumptions (3.2) and (3.5) we have the 

1 -forms a) a satisfy the structure equations (2.9) then 

fc fc' fc 

2_j f2i,z i dz l Adx + 2^ Ai,z r dz c A dx + ^ f 2 2,z i dz i A dy 

i=0 i'=0 i=0 

fc' fc fc' 

+ Y A2, Zi . ^ z i' A dy + ^ A3,z^ z i A dt + ^ / 23 z ., dz r A dt 



i'=0 



i=0 



i'=0 
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= (-C/12 + f/11 + f/ei - f/e2)d* A dy 

+ C-f/13 + /43/11 + /ei/33 - C/ 63 )^ A dt 
+ C-f/l3 + /43/l2 + /62/33 " f/fis)^ 

A dt (**) 

From the above equation(**)we can obtain equation(3.9),(3.10) 
and (3.11) by simple calculations and by using equations (3.24) 
In similarway by using assumptions (3.2) and (3.5) we have the 
1 -forms a) a satisfy the structure equations (2.9) then 

k k k 

2_j hi,zi dz i A dx + f 31 ' z i dZi ' Adx+ /_ l h2,zi dz i A d y 

i=0 i =0 i=0 

k k k 

+ V hz,z? dz- A dy + /b^dZf A dt + V / 33jZ ., dz- A dt 

i =0 i=0 i =0 

= (-/51/12 + /52/11 - /61/22 + fezfzDdx A dy 

+ ( — /52/13 + /53/12 ~~ /62/23 + fiifb-^dy 
A dt 

+(-/si/i3 + /53/11 - /61/23 - fahi)dx A dt (***) 
From the above equation(***)we can obtain 
equation(3.12),(3.13) and (3.14) by simple calculations and by 
using equations (3.24) 

Similarly by using assumptions (3.2) and (3.5) we have the 

1 -forms a) a satisfy the structure equations (2.9)then 

k k' k 



obtain 



by 



using 
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(3.5),/ 33jZjf _ 1 =;/43 jZjf _ 1 = 0; f^ :Zk , _ x =f^ iZk , _ x — 0 

Hence we have obtained the relations (3.5) and relations 
from (3. 6)— >(3. 23). Finally, we observe that 

if/51,zi> /52,zi ' fb\,z x an d/62,Z! 

vanish simultaneously, then the equation(3.1)cannot be the 
necessary and sufficient condition fore> a to satisfy the structure 
equations (2.9) 

for a 3-dimensional P. S. P. This completes the proof of theQ 
lemma. 

Now, based on the above lemma, we will try to formulate the 
following in a simple form. So, we introduce these notations 

^2 = AlAl.Z! ~ AlAl.Z! 
H2 = fnfn.Zi ~ AlAl.Z! 



Li — /ii/si,zi ~ AiAi.z! 



Hi — AlAl,Zi ~ fsihl.Zi 
l,z 1 z 1 ~ f 51 

Mi=fi Ul -ff Ul 



f \\,t,J SI.t.^ f S1.T.J Wz^' ^ 2 f 21,z-if 61,z-izi f 61.Z-J U.z^ 



^2 — /61,zi~/21,zi 



(3. 



and 



k-2 



h — / : z i+l/33,Zj 



k-2 



/ : z i+lfi3,z i 



2^ Ui, Zi dz t A dx + 2^ / 41z ., dz t * A dx + ^ / 42 , Z; dZj A dy 

i=0 i'=0 i=0 

ft' ft ft' 

+ ^ / 42 , Zi , dz ; - A dy + ^ / 43 z .dz; A dt + ^ / 43 z .,dZj' A dt H x — fnfxi^- f 52/52,2-1 > H 2 — f 22/ 22, z x ~ fata, z x 



(3.26) 



Also, we consider the following 

^1 = /l2/52,Z! _ /52/l2,Z! > ^2 ~ f22fb2,z x ~ } 62/22,zi 



And 



fc'-2 



= (A1/22 - fuf2i)dx A dy + (/12/23 - fnf22)dy A dt 

+ C/11/23 - fnf2i)dx A dt (■) 
From the above equation(-)we can obtain equation(3.15),(3.16) 
and (3.17) by simple calculations and by using equations (3.24) 
Similarly by using assumptions (3.2) and (3.5) we have the 
1 -forms a) a satisfy the structure equations (2.9)then 

k k' k 

^ f5i, Zi dz l A dx + ^ / 51z ., dz ; - A dx + f52,z i dz l A dy = ^ z i'+i/43^ 



f f 

7 12,zi- / 52,ZiZi 
^1 = /52.Z! - /l2,Z! 



f f ~f f 

J 22,z^ J 62,7.^1 1 62, Zi' 22,7,i7,i 

^2 — /62.Z! - /22,Z! 



K 3 



^1 — ^ z i'+l/33,z r 



fc'-2 



i'=0 



(3.28) 



i=0 



i'=0 



i=0 



i'=0 



fc' fc fc' 

+ ^ /52,z r A dy + V / 53 , Z; dZi A dt + V / 53jZ ., dz ; - A dt 

i'=0 i=0 i'=0 

= (A1/32 - fi2fsi)dx A dy + (/ 12 / 33 - A 3 / 32 )dy A dt 

+ (/11/33 ~ fi-if-ii)dx A dt (■■) 
From the above equation(-)we can obtain equation(3.18),(3.19) 
and (3.20) by simple calculations and by using equations (3.24) 
Finally by using assumptions (3.2) and (3.5) we have the 
1 -forms dissatisfy the structure equations (2.9) then 

k k' k 

V fei, Zi dZi A dx + V / 61jZ ., dz r A dx + ^ f 6 2,z i dz i A dy 



Moreover whenever 0 , L 2 ^ 0 , Oand L 2 ^ 0 , we 
define R ; and R ; respectively as follows:/?^ -1 = 0 



k-l 



^ z i+1 R z _ +1 + /ss^.^C/fi + tf 2 ) + A 3 ,z ;+1 (Wi + H 2 ) 



i=0 

R' +1 R' +1 
+ — (z 2 L Ul + f HO + -j— (z 2 L 2 , Zl + CW 2 ) 

L 2 

+ r (A 1 )z j+1 <i<Mi- Z2P1) 



ll 



L 2 



(3.29) 



i=0 



i'=0 



i=0 



fc' fe fe' 

+ ^ A2,z r dz t : A dy + ^ f 6 3,z i dz i A dt + ^ / 63jZ ., dz r A dt 

i'=0 i=0 i'=0 

= (/21/32 - f22fn)dx A dy + (/ 22 / 33 - f 2 3fi2)dy A dt 

+ (/21/33 - f2T,f-ii)dx A dt (■■■) 
From the above equation(--)we can obtain equation(3.21),(3.22) 
and (3.23) by simple calculations and by using equations (3.24) 

Now by taking the z k derivative of equations (3.13) and 
(3.16), and the z k < derivative of equations (3.14) and (3.17), we 



k -1 



= 0 



RJ 



Where 1 <j<k-2 and R 

k -1 

= - £ z i ' +1 /? Z[ ' +i + / 33>z/+l (//; + // 2 ) 



1 =0 



+ /43,z, +1 (ffl + ff 2 ) 

+ -^{z 2 L u , +!H 1 )+- 1 -(m 2 -L 2 , i . + ^H 2 ) 
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l 



+ - r {B l ) z ,UM 1 - z 2 'Pj 



+ -r(B 2 -) z ,UM' 2 - z 2 P 2 ) 



L 2 * — ; « 



(3.30) 



i=0 12 

ft -1 

I =0 

ft-2 
i=0 

+ ^l(- Z2 T +/62l - /22l )Z z - Ri 
/ \ k ~ 2 

+ ik{- Z2 'h fi2 - fA )Z Zi ' +lRi ' 



ft-2 



i=0 



+ 



+ TTT-feM! + (Li) + 7T7-0 2 M 2 + (L 2 ) 

H 2 L 2 

+777-0^; + ^;) 



'1^1 



+ ITT feM 2 + ?L 2 ) + 2z 2 ^ + 2z 2 ^ ( 3.31) 



H 2 L 2 



Moreover 



, _ /11/33 1 



ft-2 



i=0 



1 

+ *7 



(/43/21 ~~ c/23) + /23/61/51,. 



21 



/51/c 



33 



/53 



+ 



fc-2 



(3.32) 



/si 



i=0 



+ 



Hi 



/si^/si 



(/43/21 C/23) + frzfb\f\\,z 



(3.33) 



hxf- 



33 



/23 



+ 



fc-2 



+ 



fh\,z-Jl\ 



(C/l3 — A1/43) + fsihi,z 1 



Where 1 <j'<k' — 2 .Thus we have this theorem 
Theorem 3.1 

Let / a i,/ a 2and / a3 ,l <a< 6 be differentiable functions of 
Zq,Zi,Zi', ...,z k ,z k ' such that the relations (3.5) hold and \ 
/31 = /41 = C-/32 = hi — ft wo non zero parameters. Suppose +jj 
H-iL-i* 0 , H 2 L 2 * 0 ,H[L t ± 0 and H 2 ll 2 ± O.Then the equation 
z i,t = V ( z o< z i< z i'< ■■■ ■ , Zfc, Zfc')describes a two-parameters 3- 
dimensional P.S.P with associated 1-forms 
ro a = f al dx +f a2 dy +f a3 dt , 1 < a < 6 
If and only if the function \\i is given by 



f _ /61/33 1 

f63 - — + T 2 



fc-2 
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(3.34) 



fei 



fb\,z-Jb\ 



£ z i+1 R i + / 21|Z1 4! 

i=0 



(C/l3 — Al/43) + A3/51/21,; 



f\\fsT>fl\,zx 



(3.35) 



Remark :It is noted that by similar construction, one may obtain 

- "^"^ Z i'+l Ri +/52,z 1 #l 



_ /12/33 1 
7l3 - : r 



f Hi 



i =0 



+ ■ 



Hi 



/53 



(hzhi ~ f/23) + fnfbihi,z 1 



fsifz 



~ fnfbT>fs2,z x 
k -2 



(3.36) 



33 



+ - 



752 

T 



i =0 



+ 



fsi,z x fsi 



(h-ihi f/23) + fi^fafn,z 1 



~ fllfaf\l,z\ 



(3.37) 



fc'-2 



/22 V; 



33 



+ - 



/22 



fc -2 



z l + /62,Z! 5 1 



i =0 



+ 



fbl,z^\ 



22 



0f/i3 — /12/43) + fnfsifdi.zx 



fnfszfe2,z l 

ft'-2 

^ z i'+i Ri + fn^\ 



(3.38) 



/62 

T 



+- 



fb2,z-Ji 



62 



(■f/i3 ~ A2/43) + fnhifn.zx 



(3.39) 



Thus we have the following result: 
Corollary 3.2 

If / a iare as in theorem(3.1)then following equations hold: R.H.S 
of eqn(3.32)=R.H.S of(3.36),R.H.S of eqn(3.33)=R.H.S of 
(3.37),R.H.S of eqn (3.34) = R.H.S of(3.38), R.H.S of eqn(3.35) 
=R.H.S of (3.39). 
Proof of Theorem (3.1) 

Suppose that equation(3.1)describes as((", if) 3 -dimensional 
P.S.P inR 5 then it follows from lemma(3.1)that 
equations(3.5)andequations(3.6)-(3.23)are satisfied 
whereA 2 ljZl + f 2 2 Ul + f£ Ul + fg Ul ± 0 therefore 
equations(3.6)-(3.23) are equivalent to the following 
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fc-1 



^ z i+l(/l3,z 

= 0 (3.40) 

^ z i+l(/23,z i /61,z 1 — f63,z i hl,z 1 ) + ^(AsAl.Z! ~ fnfl\,z^) 
+ /33#2 + Al, Zl (<A3 ~ Al/43) 

= 0 (3.41) 

^ z i'+l (/l3,z i '/52,z 1 — /53,z i '/l2,z 1 ) + ^{jsifsi^ ~ f\if\2,z^) 
+ A 3^1 + /52,Z! (/43/22 ~~ C/23) 



/l3^_/52 - /53^._/l2 + (Bl) V _ t +/23^_/62-/63^_/ 2 : 



i=0 



fc-1 



i=0 



= 0 

Therefore 



fc -1 



i =0 



fl3,z k _ 1 — , [(■^l)z Jf _ 1 + /23,z ft _i Ai 

'■I 

— As.z^Ai] 

fci.Zk^ — [t-"lJz k _i — J63,z k _ 1 J21 

L l 

+ fl3,z k _ 1 ff>l\ 



= 0 



(3.42) 



/21.Z! 
' /53,zt_iAl] 



[C^l)zt_i + /l3,z )i _ 1 /51 



Y Z ;'+l(A 3 ,Z ( '/62,Zi /63,Z'/ 22 ,Z 1 ,Zi fllfll.zi) 

(3.43) 



+ / 33 ^2 + /62,z 1 (?/l3 A2/43) 
= 0 

^1 — Al/53 + A3/5I ~~ Al/63 + /23/6I 

= 0 (3.44) 

^2-Al/23+A 3 /21 = 0 (3.45) 

#1 — A2/53 + A3A2 ~~ A2A3 + A3A2 

= 0 (3.46) 

B 2 -A2/23+A3/22 = 0 (3.47) 

fc-1 

*Ml + ^ z ;+l(/l3,z/51 - As.z/ll) + ((AsAl - A3A1) 



/l3,z 



1 [('4l)z 4 _ 1 + fl3,z k _ifsi 

~ A3,z t _ 1 Ai] 



^2 



/12,zi 



— /63,z Jf '_ 1 A2] 



(3.57) 

(3.58) 
(3.59) 

(3.60) 
(3.61) 
(3.62) 



fsi, 
r 

^1 

fll.zx 



fs3,z k ' _j — |' 1 [(Bl) Zft '_ 1 + fl3,z k ' _Jb2 ~ fd3,z k ' Jll\ (3.63) 

+A3,z,-_ 1 / 5 2 -/sa^./u] (3-64) 



i=0 



fc-1 



^ 23 -V-i L 2 

As^ = -^[C fi i)v-i +A3,z,-_ 1 /52 -/sa^/u] (3-65) 
Taking the z ;+1 derivative of equations(3.40),(3.41) and take the z,-' +1 , 



i=0 
fc'-i 



— A3 (Ai — Ai) + Ai (A3 Ai — C/23) = 0 (3.48) derivative of equations(3.42),(3.43)moreover taking thez 7 derivative of 

equation(3.44)and zv derivative of equations(3.46)with z < j < k — 1 
And z < j < k — 1 we can obtain 



^2 + ^ z ;+i(A3,ZiAi ~~ fa.zjii) + C(A3Ai — A3A1) 



-A 3 (A 2 i - A 2 i) + AiCCAs - A1/43) = 0(3.49) / 13>z . =-- [Ai^-Ai,z 1 Ui)z J .-/23,z y f6iAi,z 1 + As^Ai/nJ 



0L 3 



+ ^ z i'+l (/l3,z//52 ~~ /53,z/ A2) + f(/53/52 — A3A2 



) 



i =0 



fc -1 



-As (A2 - A 2 2 ) + A2 (A3/22 - f/23) = 0 (3.50) 



^2 + y z i'+l (/23.Z//62 ~~ fb3,z{fll) + ^fbT,fbl ~ A3A2 
i =0 



) 



~~ A3 (A2 ~~ A2) + A2 (f /l3 

Now, taking the z k derivative of equations (3.40), (3.41) and 
take the z k ' , derivative of equations (3.42), (3.43) and also 
taking the z k _ r derivative of equation (3.44)and z fc _ 1 derivative 
of equations (3.45)then by using equations (3.5) we can obtain 

As.zt-iAi.z! ~ fs3,z k - 1 fii,z 1 = — R k 1 

= 0 (3.52) 

f23,z k - 1 f61,z 1 ~ /63,z Jc _ 1 Al,z 1 = — R k 1 

= 0 (3.53) 

/l3,z Jf '_ 1 /52,z 1 - A3,z /c '_ 1 /l2,z 1 = ~~ R 1 

= 0 (3.54) 

/23,z Jf '_ 1 /62,z 1 ~ /63,z /c '_ 1 /22,z 1 = ~ R 

= 0 (3.55) 

/l3,z ( ._ 1 Al- A 3 ,z J ._ 1 /ll + iAl)z k _ 1 + A 3 ,z J ._ 1 /61-/63,z J ._ 1 Al 

= 0 (3.56) 



1 r 

A3,Zy =-J^~ [fsiR J ~ Al,Z 1 ("^l)zy 

+ f 63,z jf 21 f SI, z x ~ fl3,Zj f 61 fsijZ^ 
fl3,Zj =_ ^ _ [/21^ ;_ /21,z 1 (-^l)z J _ /l3,z J AlAl,z 1 + f^.ZjfllflLz^ 

/l2/43) = 0 (3.51) A3,Zy =_ 7^ [Ai^ _ /61,Z 1 (-^l)z y -/l3,Z J AlAl^i + As.Zy/llAl.zj 

fl3,z/ =~-£~[fl2R j ~/l2,z 1 (Bl)z j / -fl3,z j 'fblfvL,z 1 + As.zy fllfll.z^ 
A3,z ; ' =_ 7^[/52^'' ~ A2,z 1 (#l)z j .* ~fl3,z j 'fblfsi,z 1 + As.zy fllfsi,z-\ 
f23,z/ =_ 7J~[f22R i ~f22,z 1 (Bi) z .. -fi3, Zj 'f52f22,Z! + f53, Zj ' fl2f22, Zl ] 



/63,z.' — "7-/62^ - /62,z 1 (#l)z.' ~/l3,z.' fsihl^ + A3,z ,' fllfbl,zA 
J 2. J J J •* 

Also, taking thez 2 derivative of (3.40), (3.41)and we getthez 2 ' 
derivative of (3.42), (3.43) 

/l3^i/51,zi ~ fs3,z 1 fll,z 1 

= —R 1 (3.66) 
= -R 1 (3.67) 
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= -R { (3.68) 

fl?>,z^ fb2,zi ~ f&*>,z^fx2.,z\ 

= -R 1 (3.69) 
From equations(3.40)-(3.43) we can get by using equations 
(3.52- 3.55)and(3.66- 3.69)the following equations 

fc-2 

1^ i fl-i 



fsi,: 



61,zi 



+ '^f i (/43/21-C/2 3 ) = 0 
fc-2 

ly j /33 

' fzifl\,z x ~J y z i + lR l + ~t~^2 

i=0 

+ ^(^13-/11/43) = 0 

fc'-2 

l , f 33 



(3.70) 



(3.71) 



/53/52,z 1 ~/l3/l2,z 1 - ^ ^ z i'+l^' 



+ 



% 1 (/43/22-?/ 23 ) = 0 



//1 



(3.72) 



fb7,fb2,z 1 -fn,fll,z 1 ' 



■I +1 



+ ^| £l (f/l3-/l2/43) = 0 



(3.73) 



Now from equations(3.44)and(3.45)andequations(3.70)- 
(3.73)one can obtain the functions fi3,f23,fs3 and / 63 as given 
in theorem (3.1) 

Moreover, from equations(3.81 - 3.84), (3.47) - (3.54)it 
follows that \|/ is given by (3.34)Conversely, if /i3,/23,/s3 and 
/ 6 3 are given by (3.35 — 3.38), it follows by straight forward 
computation that the 1 —forms a> al = f al dx + f a2 dy + 
/ a3 dt,l < a < satisfy the structure equations of an ((, <f) 3-dim. 



P.S.Pifz lt = \|/(z 0 ,z 1 ,z 1 



')■ 



This completes proof of theorem.lt is worth mentioning that 
other types of evolution equations in higher dimensions shall be 
considered in other papers as well as the associated Backlund 
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transformation equations, conservation laws and the associated 
linear systems. 
IV. Conclusion 



In this paper, we extended the notion of P.S.P to higher 
dimensions i.e. 3-dim plane of constant sectional curvature-1 
imbedded in R5and we studied the change in the results and 
properties. 
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